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♠
QM

ψi
phys.−−−→
evol.

Uψi ≡ ψf, U†U = I (1)

ψ†iψi=1 ψ†fψf ̸=1

♣ Hawking

Hawking

♢

· · ·



dfzeng
BJUT,Beijing

-Z-
model

:Z-
structure

Z-structure

5-43

( )
“ & ” ψcR=|c· ⟩+|d· ⟩ (2)
“ ”or“ ”
ρc≡|c⟩⟨c|+|d⟩⟨d| or ρR≡|Ra⟩⟨Ra|+|Rn⟩⟨Rn| (3)

♠

vN

S = −trρ ln ρ (4)

–

♣ ρ=|ψ⟩⟨ψ|
1

♡ -
ρ=|ψ1⟩⟨ψ1|+|ψ2⟩⟨ψ2|

QM
/
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Page Hawking

A D.Page(1993-94) ,
SB,R

SR= trρRlnρR (5)

IR= lnkR SR (6)

kR ∼

B
C

Zeng: IR=0 ,

, kT(t) ? ’t Hooft, Mathur
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Hawking

♠ Hawking

♡
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Hawking -Mathur

Mathur: Hawking
Hawking

Zeng: Hawking

Hawking
Hawking
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Z-model -

Ra226→Rn222+α4
2

|c·Ra⟩→|c·Ra⟩+|d·Rn⟩
H(3s1/2)→H(2p1/2)+γ

|c·H3⟩ → |c·H3⟩ + |d·H2⟩
BH(M)→BH(M′)+hwk

|c·BH⟩ → |c·BH⟩ + |d·BH′⟩

-> ,
JC-Model

H=
[εx
εo

]
+Σa†kakℏωk+a†

xεxo+cc (7)

Page .
JC

-
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Z-model:
H = HBH + Hvac + Hint (8)

=


wi

wj

. . .
01

+
∑

q
ℏωqa†

q aq+
ℏωx=∑
un vℓ

gunvℓb†
unvℓax (9)

wi ∼ ,i w
wj ∼ ,w 1

wi ∼ Ew×w, wj ∼ E′
w′×w′ , w′=w 1, · · · ,01 ∼ 01×1

a†
qaq: bunvℓa†

x:
&

{wi ⊗ ϕ,wj ⊗ ωi
1,wk ⊗ ωj

1ω
i
1,wj ⊗ ωi

2, · · · (10)
, un ⊗ qkpj · · · oi(u+q+p · · ·+o = w), · · ·

01 ⊗ ωz
1 · · ·ω

j
1ω

i
1, 01 ⊗ ωy

1 · · ·ωi
2, · · · , 01 ⊗ ωi

w}

|ψ(t)⟩ =

0∑
u=w

u∑
n=1

w−u∑
∑oi

e−iut−iωtcω⃗
un(t)|un ⊗ ω⃗⟩ (11)
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Z-model:
iℏ∂t|ψ(t)⟩ = (HBH + Hvac + Hint)|ψ(t)⟩ (12)

{ & } , (9)(11)

i∂tcω⃗
un(t)=

v+′ω=w∑
v̸=u

v∑
ℓ=1

gunvℓc′⃗ω
vℓ(t) (13)

v wi=61 cϕ

w1=1, cϕ

wi̸=1=0, cω⃗ ̸=ϕ

un =0

(i) -Rabi , ;(ii)
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Z-model Wigner-Wisskopf
cϕ

w1(t), co1

un(t) c′⃗ω ̸=ϕ,o1

vℓ =0

(13) Wigner-Wiesskopf [ (15)
(14) ,“ ”-Zeng]

i∂tco1

un(t) = gu+ω=w
unw1 cϕ

w1(t)+
v̸=w∑
v̸=u

v∑
ℓ=1

gunvℓc
′⃗ω
vℓ(t)[≈0] (14)

i∂tcϕ
w1(t) =

u+o1=w∑
u ̸=w

u∑
n=1

gw1unco1

un(t) ≈−i|gw1un |2cϕ
w1(t) (15)

co1

un(t) ≈ −i
ˆ t

0

gu+ω=w
unw1 cϕ

w1(t′)dt′ (16)

miss-history
≈≈≈ −igunw1cϕ

w1(t)
ˆ t→∞

0

e−i[ω−(w−u)]t′dt′ (17)

(15) ⇒ cϕ
w1(t)=e Γt, (14) ⇒ co1

un(t)=
igunw1

Γ
(e Γt−1) (18)

other c′⃗ω ̸=ϕ,o1

vℓ =0, Γ≡
u̸=w∑
u,n

|gw1un|2 (19)
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Z-model WW

(13) cϕ
w1(t), co1

un(t), c
′⃗ω ̸=ϕ,o1

vℓ =0 ⇒ (14) + (15) ⇒ (20)

cϕ
w1(t)=e Γt, co1

un(t)=
igunw1

Γ
(e Γt−1) other c′⃗ω ̸=ϕ,o1

vℓ =0 (21)

- { WignerWiesskopf }∼Z-/Hawking-

⟨E⟩∞t→ =

u+o1=w∑
o1,n

o1|co1

un |2 =
∑

k

kωe− kω
kBT

e
kω
kBT + · · · 1

=
ω

e
ω

kBT ±1
(22)

o1=kω(k ∈ Z)
co1

un(t)

g2
unw1

Γ2
≈

u[=e4πGN(M−o1)2 ]

w (=e4πGNM2 1)+ · · · 2+1
≈

e−8πGMo1

e4πGNM2
(23)

Z-model: & WW
(9) ∼
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WW Hawking

{ & } , (9)(11)

i∂tcω⃗
un(t)=

v+′ω=w∑
v̸=u

v∑
ℓ=1

gunvℓc′⃗ω
vℓ(t) (24)

wi=61,2,3,4,5,6

- -

Rabi
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- Z-model
♢ +

( :BH, :Ra, big,middle,small , )
| ⟩ → | ⟩ → | ⟩ → | ⟩ → | ⟩ ⇒ # (25)

| ⟩ → | ⟩ + | ⟩ + | ⟩ + | ⟩ + | ⟩ ! (26)

→ | ⟩ + | ⟩ + | ⟩ + | ⟩ + | ⟩
→ · · · · · · · · ·

|ψ(t)⟩ = |BH[M(t)]⟩ # (27)
|ψ(t)⟩ = |ψ0⟩+ct

b|bbrb⟩+ct
m|bmrm⟩+ct

s|bsrs⟩+|ψ1⟩ ! (28)
√
ρR ≡ |ψ(t)⟩tr.out

bh.ms∼
√
ρ0⊕ct

b
√
ρb⊕ct

m
√
ρm⊕ct

s
√
ρs⊕

√
ρ1(29)

ρb=trbb|bbrb⟩⟨bbrb|, ρm=trbm|bmrm⟩⟨bmrm| · · · (30)

SR = |ct
b|

2S(ρb)+|ct
m|2S(ρm)+|ct

s|
2S(ρs) ⇒ ! (31)

-
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Hawking &WW RM

In a unitary theory, the paradox must be resolved by non-perturbativ
-e, non-local (not just QFT in fixed curved geometry) corrections to
ρR, but from what? how to calculate? (Hartman, KAWS2022Lect3)
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Hawking WW

Replica wormhole uses saddle point approximation to calculate trρ2R ,
but how about the ρR itself?(Maldacena, KAWS2022Lect3)
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-Z-model

|ψ⟩

i

⇒

|ψ⟩

i

ρij ≡⟨i|ψ⟩⟨ψ|j⟩ trρ
: , , + .
: : . :
Reny

Sn = (1−n∂n) log tr[ρn],SBH
upper
= lim

n→1
Sn (32)

S2 = + (33)

S2 S1
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- (Zeng)
S(R)= lim

n→1+

1
1−n log tr(ρn

R),
ρ1R, trρ1R trρ2R

|ψi⟩C

|ψi⟩C ⊗ |iR⟩
(|ψj⟩C ). trρ2R

ii, jj

trρ2R ∼ (C⟨ψi|ψj⟩C)(C(⟨ψi|ψj⟩)C)
∗ (34)

= (35)

trρ1R ∼ (C⟨ψi|ψj⟩C) = (36)

S(R)= lim
n→1+

1

1−n
log tr(ρn

R)≈min{disconn, conn}, (37)

QFT 1->1 2->2
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S(R) = min{disconn, conn}
Page ρRij

trρ1R ∼ (C⟨ψi|ψj⟩C) = δij + rij (38)

AdS/CFT AdS/CFT[ensemble]
Z-model

|ψ(t)⟩ = |BH[M(t)]⟩ # (39)
|ψ(t)⟩ = |ψ0⟩+ct

b|bbrb⟩+ct
m|bmrm⟩+ct

s|bsrs⟩+|ψ1⟩ ! (40)
√
ρR ≡ |ψ(t)⟩tr.out

bh.ms∼
√
ρ0⊕ct

b
√
ρb⊕ct

m
√
ρm⊕ct

s
√
ρs⊕

√
ρ1(41)

ρb=trbb|bbrb⟩⟨bbrb|, ρm=trbm|bmrm⟩⟨bmrm| · · · (42)

ρ1R =ρ0⊕ct2
b ρ

b⊕ct2
mρ

m⊕ct2
s ρ

s⊕ρ1 ∼ non diagonal (43)



dfzeng
BJUT,Beijing

-Z-
model

:Z-
structure

Z-structure

21-43

This doesnt’ mean that we have a completely derivation
of the entropy of microscopic vN entropy of Hawking ra-
diation, it doesn’t that case, because when we use the
gravitational path integral, we are invoking the postulate
that I described last time. The postulate that gravitational
path integral infrared tells us about the quantum states in
ultraviolet. Many reasons to leave that accurate, but you
can’t claim to have a microscopic understanding just by
doing this calculation in the infrared. So it’s a derivation
of the formula in the same sense that Gibbons-Hawking’s
calculation of the Euclidean black hole free energy is a derivation of
black hole entropy, it’s not a complete derivation helpful something
like string theory (Hartman KAWS2022,Lect3:67:30)
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(S.Mathur)

Guo, Hughes, Mehta, SDM arXiv: 2111.05295
S. Mathur, Talks at Imperial College 2022
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(Zeng)
Z-model

Hawking

♣ Hawking

⋄

Hawking
island,

Z-model island
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G ’t Hooft !
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G ’t Hooft: API+FWT

API−−−→
update

♡

Cauchy
,

♠ Shapiro
- FWT
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Z-model
♢ Island

island
♣ Mathur/ ER=EPR

island /
/

♡ ’t Hooft
API FWT FWT

/
♠ Z-model

Zeng Schwarzschild

ds2in∪ds2out

ds2out = −dτ2+
dϱ2

(1− 3τ
2rh

)
2
3

+(1−
3τ

2rh
)

4
3 r2hdΩ2

2 (44)
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Z-structure: ̸= ,

ds2in = −dτ2+

[
1−

(
2GM
ϱ3

)1
2

M′ϱ
2M τ

]2dϱ2
a[τ, ϱ]

+a[τ, ϱ]2ϱ2dΩ2
2 (45)

a[τ, ϱ]=
[
1−

3

2

(2GM[ϱ]

ϱ3

)1
2 τ

]2
3 , M[ϱ⩾ϱmax] = Mtot (46)

a[τ ∈|
pϱ
2

pϱ
4

, ϱ] = −a[
pϱ

2
−τ, ϱ], a[τ |

pϱ
1

pϱ
2

, ϱ] = −a[pϱ−τ, ϱ](47)

a[τ, ϱ] = a[τ+pϱ, ϱ], pϱ ≡
8

3

( ϱ3

2GM[ϱ]

)1
2 (48)

Tµν=diag{ρ=
M′[ϱ]/8πϱ2

a3
2+3GM′τ2

4ϱ2 −
(GM

ϱ3

)1
2

M′ϱτ
2M

, p = 0, 0, 0} (49)
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Z-structure: , AdS2+1
(45) YSM[CMP34(1973)]

AdS2+1

AdS2+1
conic

ds2in=dτ2+a2
[dϱ2

κ
+ϱ2dϕ2

]
(50)

κ(ϱ) = 1+ϱ2ℓ2−2GM(ϱ)

a(τ )=cos[ℓ1τ ], ϱ ⩽ ϱhor

ds2out= hdt2+h 1dr2+r2dϕ2

M(ϱ)max = Mtot,
M(ϱ)

BH

♣ AdS2+1 Mink3+1,
Schwarzschild Lematire (44)
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Z-structure:
♢ -

♣

-

“ ”“ ” ,
A-B-C-D-E-F-G-H-A API ;
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Z-structure:

♢ -

,
♣

’t Hooft Stojkovic

♠

{xi(t), pi(t)}
{T,V,P,S,E,F · · · }
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Z-structure: API II+IV

API−−−→
update

’tHooft II+IV Antipodal Point Identification ,

{t, r, θ, ϕ} = {−t, r, π − θ, π + ϕ}, II+IV

API ( ) : , :
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Z-structure: ( )
( ) M[ϱ]&a(τ, ϱ)

ds2in = −dτ2+

[
1−

(
2GM
ϱ3

)1
2

M′ϱ
2M τ

]2dϱ2
a[τ, ϱ]

+a[τ, ϱ]2ϱ2dΩ2
2 (51)

M[ϱ]={mi}
ψi[ϱ] ϱ

ψi[ϱ] mi /∏
i ⊗ψi(ϱ)

,
ψi[ϱ]∑

mi=Mtot
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Z-structure: ( )
i , Ei ≡ mi

2
(γ2

i −1)(
) :γi ,

hiṫ2 − h−1
i ṙ2 = 1, ẗ + Γ

(i)t
tr ṫṙ = 0, hi ≡ 1

2GMi

r
(52)

⇒ ṙ2 − γ2
i + hi = 0, hiṫ = γi = const (53)[

−
ℏ2

2mi
∂2

r −
GMimi

r
− Ei

]
ψi(r) = 0, 0 ⩽ r < ∞ (54)

“ ” ∼ γ2
i

< −1,ψi ⇒
γ2

i −1

2
mi ≡ Ei = −

(GMimi)
2mi

n2
i ℏ2

, ni = 1, 2, · · · (55)

ψi = Nie−xxL1
ni−1(2x), x ≡ mr(1 γ2

i )
1
2/ℏ (56)

(55): GMimi
[(1 γ2

i )/2]1/2 = niℏ ∼
(∆x·∆p ⩾ ℏ

)
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Z-structure: ( )

( )

∆x

cl.mor cl.hor
2 4 6 8 10

1

2

3

rh=2GMtotr2ψi
2[r]

n0·m0=4·2
3·2

2·2

1·2

2 4 6 8 10

0.5

1.0

1.5

n1·m1=1·1/2

n0·m0=1·3/2

2·3/2

♣ ∆x ∼ 2GMtot rh ,
♠ mi

min = (GMtot)
−1 ∼ kThawking

⋄ mi kThawking ∼
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Z-structure:

Z-
B-H

p≡{mi}
e≡{γi}∑
mi = M, GMimi

[(1 γ2
i )/2]1/2 = niℏ(Mi≡

i∑
j=0

mj,γ2
i < 1)

p⊗e .

B-H .
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Z-structure: -

{mi} = {m1, · · · , mk 1, mk} (57)

{Mi} = {m1, · · · ,
k 1∑
i=1

mi,
k∑

i=1

mi} (58)

{mi} M , {m} {m′} M
, {m}−{m′} ∆

∆ . νi 1
.

( ): {mi},{Mi} M
∀i, Mimi

νi(⩾1)
=Z+, {νi} , M,
-

# ⊗
partition{mi}
excitation{νi}

[
M=

∑
i

mi,
Mimi

νi(⩾1)
=Z+

]
= exp[k∆M2](59)

k∆ .
arXiv:2112.12531
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Z-structure:
♢ Einstein

♣

♠
API

♡
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♢
Wigner-Wiesskopf

♣ Hawking
Hawking
Mahtur , +

♠

API

♡ Mathur
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♣ /

b b

2a 2a

2a

a = 2GM, Dxx = 2Ma2

Dij = 0, ij ̸= xx

2a 2a

2a

a = 2GM, Dxx≈12
5

Ma2

Dyy≈Dzz =
2
5

Ma2, Dij = 0, i ̸= j
L: R:

♠

♢
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( )
♣

exp{iSEH[gL
µν(x) + iSeff[xα

cm(σ), gL
µν(x)]]} = (60)ˆ

DgS
µνDδxα(σp) exp{iSEH[gµν(x)+iSeff[xα

cm(σp), gµν(x)]]}

gL
µν gS

µν xα
cm, σ

(α = 1, 2); δxα
p =xα

p xα
cm

Seff[xcm,gL
µν ]=

ˆ
d4xδ[x xcm(σ)]

{
m
√

gL
µν ẋµ

cm(σ)ẋν
cm(σ) (61)

+CR

ˆ
R(gL

µν)
√

gL
µν ẋµ

cm(σ)ẋν
cm(σ)+CV

ˆ
Rµν(gL

µν)
ẋµcm(σ)ẋνcm(σ)√
gLµν ẋµcm(σ)ẋνcm(σ)

+···
}

♠
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xxx.arxiv: 2112.12531

NPB954,115001- AdS2+1 Mink3+1 ,
AdS2+1-, Mink3+1-

/

NPB941,665- + Hawking

NPB930,533-

NPB917,178-
(2 → 3

2 , 2112.12531 )
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1: API

’t Hooft: p−

δu− ∼ u− u− ( ∞,+∞),
II I API



dfzeng
BJUT,Beijing

-Z-
model

:Z-
structure

Z-structure

43-43

2:

Z=

ˆ
dx⃗1dp⃗1· · ·dx⃗Ndp⃗N(62)

e−βH(⃗x1 ,⃗p1,··· )

S ∼ (1 β∂β) ln Z (63)

∼ N1−ϵ ∼
(Mtot

m
)1−ϵ(64)

BH∼
(2GMtot

2Gm
)1−ϵ (65)

∼ r1−ϵ
h , ϵ > 0 (66)

ϵ
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